Processes of propagation and interaction of nonlinear gravity-capillary waves on the free surface of a deep non-conducting liquid with high dielectric constant under the action of a tangential electric field are numerically simulated. The computational method is based on the time-dependent conformal transformation of the region occupied by the fluid into a half-plane. In the limit of a strong electric field, when the gravitational and capillary forces are negligibly small, there exists an exact analytical solution of the electro-hydrodynamic equations describing propagation without distortions of nonlinear surface waves along (or against) the electric field direction. In the situation where gravity and capillarity are taken into account, the results of numerical simulations indeed show that, for large external field, the waves traveling in a given direction tend to preserve their shape. In the limit of a strong electric field, the interaction of counter-propagating waves leads to the formation of regions, where the electrostatic and dynamic pressures undergo a discontinuity, and the curvature of the surface increases infinitely. In the case of a finite electric field, the wave interaction results in a radiation of massive cascade of small-scale capillary waves that causes the chaotic behavior of the system. The investigated mechanism of interaction between oppositely-traveling waves can enhance development of the capillary turbulence of the fluid surface.
INTRODUCTION
IT is well known that an external electric field directed tangentially to the unperturbed free or contact surfaces of dielectric liquids has a stabilizing effect on the boundary [1] . On the contrary, the normal field results in an aperiodic growth of the boundary perturbations [2] [3] [4] . In recent years, new experimental results concerning the influence of electric field on dynamics of capillary waves on the surface of dielectric liquids have been obtained [5, 6] . The applied interest in studying the liquid surface dynamics in external electric field is related to the possibility of controlling the behavior of liquid surfaces and suppressing hydrodynamic instabilities [7] [8] [9] [10] . The features of the nonlinear evolution of capillary waves at the liquid interfaces in the presence of the horizontal field were analyzed in [11] [12] [13] . It has been shown in [14] [15] [16] that, in the case of a strong electric field (the effects of gravitational and capillary forces are negligibly small), nonlinear waves on the surface of a liquid with high dielectric constant can propagate without distortions along (or against) the field direction.
As a rule, the description of nonlinear traveling waves preserving their form (the so-called progressive waves) imposes significant restrictions on the shape of perturbations. Solitary waves [17] and periodic Crapper's waves [18] are the examples of such nonlinear perturbations. In this connection, the solutions obtained in [14] [15] [16] are not typical: they describe propagation of waves of an arbitrary configuration. The main physical restriction for their applicability is related to the value of the external electric field: it must be large enough to neglect the effects of gravity and capillarity. In the present work, processes of propagation and interaction of nonlinear surface waves in the framework of the full system of hydrodynamic equations will be numerically investigated. In particular, it will be shown that the limit of a strong field [14] [15] [16] can be realized.
For the description of nonlinear dynamics of the fluid surface, we will use the method of time-dependent conformal transform (the region occupied by the liquid is mapped into a half-plane). This approach was developed in [19, 20] in studying nonlinear waves on the surface of liquids in the absence of an external electric field. The method was used in [13, 21, 22] for the study of electro-hydrodynamics of liquid dielectrics with free surfaces. At present time, the computational techniques based on the conformal transformations develop intensively; see, for example, [23] [24] [25] . The main advantage of this approach in comparison with the classical finite-difference schemes is reducing the number of spatial variables. Together with the use of spectral methods for calculating the spatial derivatives, the approach allows conducting direct numerical simulation of electrohydrodynamics of liquids with high efficiency and accuracy.
LINEAR ANALYSIS OF THE PROBLEM
The dispersion relation for linear waves on the surface of a perfect dielectric liquid (free charges are absent) under the action of the horizontal electric field has the following form [2] :
where ω is the frequency, k is the absolute value of wavevector, g is the acceleration of gravity, E is the value of external electric field strength, ε 0 is the dielectric constant of vacuum, ε and ρ are the relative dielectric constant and, respectively, the mass density of the liquid, and σ is the surface tension coefficient. Here and below in the paper, we consider plane symmetric waves propagating along the direction of the external electric field. It should be noted that this approximation is justified, since there is anisotropy in the problem related to the distinguished direction of the external field; see [26] for more details.
In the absence of the external field, E=0, Equation (1) describes the propagation of plane gravity-capillary waves. For the wavenumber k 0 =(gρ/σ) 1/2 , their phase speed reaches the minimum value, V 0 =(4σg/ρ) 1/4 , i.e., waves on the free surface of a liquid cannot propagate with the velocity less than V 0 . As an example, the minimum phase speed of the gravitycapillary waves on the surface of water is V 0 ≈23 cm/s; it corresponds to the wavelength λ 0 =2π/k 0 ≈1.7 cm. In the presence of the electric field, the phase speed V p of surface waves also has a minimum at the same wavelength λ 0 . In this case, the minimum value of the speed depends on the electric field strength.
From the definition of the phase velocity and the dispersion Equation (1), we can obtain the expression for V p ,
We consider the case of large dielectric constant of the liquid, 1   , so the term with electric field is simplified,
Taking k=k 0 we obtain the following formula for a minimum phase speed in the presence of the electric field:
Equation (2) shows that the external electric field leads to increase in the velocity of wave propagation. It allows to define the notion of a strong electric field in the problem. It is convenient to introduce the value of the electric field strength E 0 , for which the electrostatic forces are comparable with the gravitational and capillary ones,
The limit of a strong field is realized in the case
where β is a dimensionless parameter defining the ratio of the external field to the specific value E 0 . Let us discuss the feasibility of this limit. The estimations of E 0 for water and ethyl alcohol (these liquids have relatively high permittivities) give 1.9 kV/cm and 2.3 kV/cm, respectively. In the case of liquid -atmospheric gas interface the parameter β 2 is bounded above by Paschen`s law. It is known that the breakdown voltage in air under standard conditions is of the order of 33 kV/cm, so the parameter β 2 should not exceed about 200-300 dimensionless units. As we will show further, the limit of a strong field can be realized with high accuracy for β 2 =100, i.e., for the field less than the breakdown threshold.
In the conclusion of this section, let us discuss the important feature of the limit of a strong field. For 1  ? , the terms responsible for the influence of gravity and capillarity can be neglected, and Equation (1) will describe the propagation of linear waves without dispersion. As it was noted above, in such a situation, exact solutions of the full electro-hydrodynamic equations have been found [14] [15] [16] . According to them, the nonlinear surface waves of an arbitrary shape can propagate without distortions along (or against) the direction of the external electric field. The interaction is possible only between counter-propagating waves (in [21] , it was shown that such interaction is elastic). It should be noted that this situation is similar to that for the Alfvén waves in an ideal conducting fluid. The wave packets of arbitrary forms can travel nondispersively with the Alfvén speed in or against the direction of the external magnetic field [27] and their interaction is elastic too.
EQUATIONS OF MOTION
We consider a potential flow of an incompressible ideal dielectric liquid of infinite depth with a free surface in an external uniform horizontal electric field. The boundary of the liquid in the unperturbed state is the horizontal plane y=0 (the x axis of the Cartesian coordinate system lies in this plane and the y axis is perpendicular to it). Let the function η(x,t) specify the deviation of the boundary from the plane; i.e., the equation y=η determines the profile of the surface. Let the electric field be directed along the x axis and be E in magnitude. As was shown in [14] [15] [16] , the normal component of the electric field in the liquid, in the case of large permittivity, , 1   is much smaller than the tangential component. This means that field lines inside the liquid are directed along a tangent to its surface. In this case, the field distribution in the liquid can be determined disregarding the field distribution above it.
This situation is described by the following equations of motion. The velocity potential of the liquid ϕ and electric field potential φ satisfy the Laplace equations:
They should be solved together with the dynamic boundary condition (non-stationary Bernoulli equation),
where P E is the electrostatic pressure, P 0 is the energy density of the external electric field in the liquid, (for more details see [14] ). The dynamics of the surface is described by the kinematic boundary condition
The potentials satisfy the condition 0
at the boundary y=η(x,t), and the conditions 0, Ex
Together, the above relations are a closed equations system describing the motion of a deep dielectric liquid with free surface under the action of gravity, capillarity, and electrostatic forces caused by the external horizontal electric field. In the linear approximation, where the amplitude of surface perturbations is infinitesimal, this system reduces to the dispersion Equation (1). It is convenient now to switch to dimensionless parameters as follows: 
EQUATIONS IN CONFORMAL VARIABLES
For complete description of the dynamics of the system, it is necessary to obtain distributions of the velocity field and electric field inside the liquid. Thus, the equations of motion given in the previous section have the dimension (2+1). It turns out that there is an effective way to reduce the dimension by transition to new spatial (conformal) variables. Such a transition allows to significantly increase the speed and accuracy of calculations.
Similar to [19] [20] [21] [22] , let us make the conformal transformation of the region occupied by the liquid into the half-plane:
, where v<0. In terms of the complex variables z=x+iy and w=u+iv, the conformality of the transformation implies that z is an analytic function of w. The auxiliary variables u and v in the problem under study have clear physical meaning: u coincides with the field potential φ except for the sign and the condition v=const specifies the electric field lines. In the new variables, the Laplace equations for the electric field and velocity potentials can be solved analytically. As a result, the initial problem of motion of the liquid can be reduced to the problem of motion of its free surface, which has a lower dimension of (1+1).
Since the function y(w) is an analytic, the surface of the liquid in the new variables is specified by the parametric expressions:
where Ĥ is the Hilbert transform defined in Fourier-space as ˆ= sign( ).
Thus, the relation between the functions η(x,t) and Y(u, t) is given in the implicit form:
The function Ψ(u,t) specifying the value of velocity potential at the boundary v=0 is introduced by the same way. The procedure of obtaining the equations of motion in conformal variables is well known, see [19] [20] [21] [22] . For this reason, we will not give a detailed derivation of these equations, and just write them down in the final form. Let us introduce the complex functions: 
It should be noted that these functions can be interpreted in terms of the real physical variables. The function |V(u,t)| corresponds to the absolute value of the fluid velocity at the boundary, and the quantity β|R(u,t)| determines the local electric field strength on the surface in the case of β≠0. The function |R(u,t)| 2 has also a sense of the inverse Jacobian of the conformal transformation:
As a result, the dynamic and kinematic boundary conditions (3) and (4) are rewritten as follows:
where we introduced the notations
The symbols with an upper line are for complex conjugation.
Equations (5) and (6) constitute the system of integrodifferential equations describing the fully-nonlinear evolution of the free surface. It is completely equivalent to the original system of partial differential equations. For the numerical solution of Equations (5) and (6), we will use the explicit Runge-Kutta method of the fourth order of accuracy with respect to time. All spatial derivatives and Hilbert operators will be computed by means of the fast Fourier transform, i.e., the boundary conditions will be periodic. For controlling calculation error, we can use the fact that the system under consideration is conservative, and its total energy has the following form:
Concluding this section, let us return to the strong field limit, where gravity and capillarity can be neglected. For the case 1  ? , the system (5) and (6) takes the compact form:
It is important that this system admits a pair of exact particular solutions,
. These solutions correspond to waves of an arbitrary geometry that propagate at a constant velocity β without distortions along (upper signs) or against (lower signs) the direction of the external electric field. In the next section, we will numerically investigate the possibility of realization of these solutions in the framework of the full system of Equations (5) and (6) . Also, we will consider the interaction between oppositely-propagating nonlinear waves.
SIMULATION RESULTS

TRAVELING WAVES
First of all, let us consider the possibility of propagation of stationary nonlinear waves on the liquid boundary in the framework of the complete Equations (5) and (6) . Since the gravity-capillary waves themselves are dispersive, let us set the initial conditions in such a way that a wave would be distorted only due to nonlinear effects (the linear dispersion is absent). The expression for the phase velocity in dimensionless variables has the form:
Expression (9) is obtained by transition to dimensionless variables, which means that the units of length and time equal to 1/k 0 and τ, respectively.
Let us further consider the evolution of a periodic wave of the amplitude A and the wavelength 2π/k 1 . In the linear approximation, its velocity is constant and equal to V p (k 1 ,β) according to (9) . The corresponding initial conditions for the functions R and V are the following:
The deformation of this wave is intensified with an increase in the amplitude A.
The figure 1 shows the evolution of the liquid surface for the wave amplitude A=0.5 and the wavenumber k 1 =1 for different values of β. The vertical axis corresponds to time measured in the relative values t/T 0 , where T 0 =2π/V p (k 1 ,β) is the time period of the wave propagation. Since the wave speed depends on the field strength, it is convenient to compare the dynamics of the fluid boundary for various β in the relative time scale. Figure 1 shows that electric field really has a stabilizing effect on the dynamics of a nonlinear perturbation of the surface. It can be seen that, for β=0, the deformation of the wave is very strong. At small field, β 2 =10, the distortion of the wave occurs with less intensity, and for the relatively large electric field, β 2 =100, the shape of the perturbation almost does not change during ten periods, t=10T 0 . The obtained results indicate that the limit of a strong electric field can indeed be realized for the waves propagating in a single direction. 
 
It should be noted that the investigated situation is strongly nonlinear, since the amplitude of surface disturbance (A=0.5) is close to the existence threshold for surface waves. For larger amplitudes of perturbations, the self-intersections of the boundary and the formation of air bubbles can arise at the liquid surface as shown in Figure 2 .
INTERACTION OF WAVES IN THE STRONG FIELD LIMIT
As it was shown earlier, the limit of a strong field is realized for β 2 =100. Although nonlinear waves individually 
 
propagating in the positive or negative direction of the x axis behave as linear, this does not mean that oppositely propagating waves do not interact with each other. The question on the system dynamics in the case of wave collisions is of principal importance in the problem under investigation. First of all, we consider elastic interaction of the waves in the framework of reduced system (8) . Let us set the initial conditions as follows:
In the formal limit, 1  ? , the phase speed does not depend on wavenumber; according to (9) it can be assumed to be
The results of numerical simulation are shown in Figure 3 ; the parameters are chosen as A 1 =0.25, A 2 =0.1, k 1 =1, k 2 =2, β 2 =100. The calculations were stopped at the moment when the relative error in computation of energy (7) reached the value 10 -6 . The number of used Fourier harmonics was equal to 2 15 , the spatial period of the problem was 2π. The integration with respect to time was carried out with the adaptive step, which minimum value was of the order of 10 It can be seen that the region with steep wave front has been formed on the liquid boundary at the end of calculation interval, see Figure 3a . In this region, the electric field pressure undergoes a discontinuity, Figure 3b , and the dynamic pressure increases almost an order of magnitude, Figure 3c . The spatial-temporal evolution of the electric field pressure is plotted in Figure 4 . As one can see, at the initial stages of the system evolution, the quantity β|R| is smooth enough. At some moment of time, the interaction of surface waves leads to the formation of narrow spatial regions (shock fronts), where electric field changes sharply. It is interesting to note that the shock fronts do not move with constant velocity -see Figure 4b . Let us explain the mechanism of this phenomenon.
In a situation where the shock fronts have been formed, the spatial scales of oppositely traveling waves differ significantly, see Figure 4 . For the wave with the amplitude A 2 and wavenumber k 2 , the scale is defined by the width of the shock front d. For the other wave (with the parameters A 1 and k 1 ) the spatial scale equals to the wavelength 2π/k 1 . Obviously, we have 2π/k 1  d. Such a situation was analyzed in [28] , where it was shown that the velocity of a small-scale wave depends on geometry of the counter-propagating large-scale wave. From the physical point of view, this effect is related to the fact that the wave speed is proportional to the electric field strength in the limit 1  ? . The shock front velocity is defined not by the external (unperturbed) field β, but by the local (perturbed) value of the field β|R|. The figure 4 demonstrates exactly this behavior: the velocity of the shock front is clearly correlated with the elevation η and the local field β|R|. It should be noted that the velocity of the shock front does not depend on its shape and it is mostly defined by the geometry of large-scale wave, along which it propagates.
The spectrum of the function Y(u,t) presented in Figure 5a gives an evidence of the singular behavior of the system. It can be seen that during the system evolution the spectral functions of Y(u,t) tend to a power-law distribution. Its exponent is close to two, which indicates to the formation of a singularity in the second spatial derivative of the function Y. From the physical point of view, such a behavior can correspond to an infinite increase in the curvature of the surface K. Figure 5b shows the time evolution of the maximum of absolute value of the surface curvature. It can be seen that the curvature increases jumpwise. Almost discrete jumps of the curvature are associated with the interaction of shock fronts moving in the opposite directions.
Thus, the numerical simulation of the interaction between counter-propagating nonlinear waves in the framework of the reduced system (8) demonstrates a tendency to the formation It should be noted that the observed behavior of the fluid surface sufficiently differs from the simple wave breaking, which is shown in Figure 2 . For the breaking process, infinite gradients of pressure in the x-projection arise only on the geometric reasons even in the case of their continuous distributions along the boundary. The evidence of the singular behavior is the spectral functions of Y: they tend to the power-
. A possible reason of the formation of these singularities is the absence of terms responsible for capillarity and gravity in the equations (8) . Further, we will consider the interaction of oppositely-traveling nonlinear waves in the framework of the complete system of the evolution equations (5) and (6).
INTERACTION OF WAVES IN THE CASE OF FINITE FIELD
For numerical simulation of the wave interaction on the basis of the complete equations system (5) and (6), we take the initial condition for the function R in the form (10) . To study the distortion of waves only due to nonlinearity, the initial condition for V should be modified to the following:
For a correct comparison of the results with the previous simulation, we choose the calculation parameters A 1,2 , k 1,2 , β to be the same as earlier. Figure 6 shows the evolution of the liquid surface and local electric field at the boundary; the time period is chosen as T 0 =2π/V p (k 2 ,β). One can immediately see the main difference in dynamics of the system from the case of a strong field: the tendency to the formation of a discontinuity in the electric field strength is not observed now. The time interval in Figure 6 was chosen to provide convenience of comparison with the Figure 4 . In fact, the calculation interval has reached a rather large value t/T 0 ≈38.43.
One can see from the Figure 6 that the region of the discontinuity formation is smoothed. The reason is that the capillary waves are excited in the region of shock formation. At the developed stages of the system evolution, this process leads to the appearance of a massive cascade of smallscale waves. It can be seen from the Figure 7 that, at large times, the dynamics of liquid fundamentally differs from the case of a strong field shown in the Figure 3 . The capillary waves generation results in the fact that dependencies plotted in the figure look very chaotic. Apparently, the picture observed in the Figure 7 evidences that the external tangential electric field can lead to the development and acceleration of the so-called capillary wave turbulence [30] . and at the end of calculation interval t/T 0 ≈38.43 (red curves "2"). Figure 8 shows the time dependence of the curvature maximum and spectra of the function Y(u,t) at successive instants of time. At the initial stages of the system evolution, t/T 0 <5, it is possible to distinguish discrete jumps of the curvature as in the Figure 5b . At large times, the dependence shown in the figure 8a becomes very complicated. The transition of energy to small scales leads to the error accumulation and, as a consequence, to a bounded computation interval. Indeed, the spectrum of the function Y(u,t) ceases to be localized with time. From the physical point of view, the divergence of the algorithm is related to the absence of viscous forces in the problem under consideration.
For the full description of the turbulent motion of the surface, one should introduce additional terms into the Equations (5) and (6), as it was done, for instance, in [31] . Most likely, the viscous forces will play a dominate role in the regions of shock front formation, where the velocity of a liquid extremely increases, see Figures 3 and 7 . The viscosity can also lead to arising of the wave turbulence regime with constant energy dissipation. We plan to consider the turbulent motion of gravity-capillary waves in a tangential electric field and also take into account the terms responsible for the viscosity in future. In conclusion, let us give an example of the simulation of the interaction between counter-propagating periodic waves with the same amplitudes and wavenumbers in the case, where the external electric field is zero, β=0. It turns out that in this situation, the generation of capillary waves becomes very slow (it is almost absent in comparison with the previous calculation). Figure 9 shows the evolution of the free surface and of the quantity |R|, which does not have a sense of the electric field strength in the latter case. From the Figure 9b , one can see that the interaction of waves is not elastic. The wave with large amplitude moves in the positive direction of x axis absorbing the counter-propagating wave with small amplitude. If the electric field is absent, the dynamics of liquid is very stable, the computation interval reached the value, t/T 0 ≈1.1210 3 . At the end of calculation interval, the relative error has not exceeded the small quantity 10 -8 . Figure 10 shows the dependencies analogous to that shown in the figures 3 and 7. It can be seen that even after a long interval of time, the plotted functions remain smooth and do not have noticeable small-scale perturbations. It is noteworthy that, during the evolution of the system, a critical increase in the curvature of the surface was not observed, and the spectrum of the function Y(u,t) remained localized. Thus, the mechanism of the formation of massive cascade of small-scale capillary waves, which was observed in the previous numerical simulation, is exactly related to the interaction of counterpropagating nonlinear waves in the presence of a strong tangential electric field. 
CONCLUSION
At the present work, the processes of propagation and interaction of nonlinear waves on the free surface of a nonconducting liquid under the action of gravity, capillarity, and tangential electric field were numerically simulated. The computational algorithm was based on the time-dependent conformal transformation of the region occupied by the fluid into a half-plane. This approach allows to reduce the original spatially two-dimensional problem to the one-dimensional one without loss of generality. At each step of numerical integration with respect to time, the number of computational operations is reduced in N times (N is the number of discretizations in space) that essentially increases the efficiency of calculations.
The results of our numerical simulations show that, for sufficiently high electric field strength, the surface waves can separately propagate along, or against the field direction almost without distortions. This result evidences that the limit of a strong field [14] [15] [16] , in which the gravitational and capillary forces are neglected, indeed can be realized for noninteracting waves traveling in only one direction. Numerical simulations show that in the limit of a strong electric field, the elastic interaction of counter-propagating waves leads to the formation of singularities, viz., points on the liquid surface where the electrostatic and dynamic pressures undergo a discontinuity. The spectrum of the surface tends to the powerlaw distribution, |Y k | ~ k -2 . This indicates to an infinite increase in the curvature of the boundary.
In the case of a finite electric field, the gravitational and capillary forces lead to smoothing the region of pressure discontinuity at the initial stages of the wave interaction. At the developed stages of the system evolution, the small-scale capillary waves are intensively radiated from of the shock front region that causes the chaotic behavior of the system. It is shown that, in the absence of an external field, the wave radiation is very weak; it is not almost noticeable at the comparable time scales (the shape of a liquid surface remains smooth and does not have noticeable small-scale perturbations). Thus, the investigated mechanism of the counter-propagating waves interaction resulting in the formation of singularities in the strong field limit can enhance and accelerate the development of capillary turbulence of the liquid surface. The property of generation of small-scale surface perturbations under the influence of an external field can be used, for example, for creating new materials with a given surface relief and a roughness level.
